We show that there is an infinite family of slow-roll parameters histories which can produce the same spectrum of comoving curvature perturbations. After expressing the slow-roll parameters in terms of the scale factor this degeneracy can be shown to be related to the freedom in the choice of the initial conditions for the second order differential equation relating the coefficients of the curvature perturbation equations to the scale factor. This freedom implies that in general there is no one-to-one correspondence between the spectrum and higher order correlation functions, unless some special conditions are satisfied by the slow-roll parameters.
Introduction
Cosmic microwave background (CMB) observations are compatible with an approximately scale invariant primordial curvature perturbations power spectrum [1] [2] [3] [4] [5] [6] [7] [8] . Higher order correlation functions can be important to distinguish between inflationary models producing the same spectrum, as it was shown in some specific case in [9] . This can be particularly relevant for models with features . Features of the inflaton potential can affect the evolution of primordial curvature perturbations and consequently generate a variation in the amplitude of the spectrum and bispectrum . This can provide a better fit to the observational data at the scales where the spectrum shows some deviations from power law [13, 15, 19, 21, [37] [38] [39] [40] [41] .
For single field inflationary models some consistency relations between the spectrum and bispectrum of primordial curvature perturbations [17, 26, 42, 43] have been derived, but our results show that they can be easily violated. In general there is in fact an infinite class of models having the same spectrum but different bispectra. We give some examples of models with the same spectrum and different bispectra, showing how they can be obtained by changing the initial conditions for the expansion history of the Universe during inflation.
Inflation
The results we will derive do not depend on the choice of any specific type of inflation model, since they are based only on the freedom in the evolution of the scale factor. Nevertheless to give some concrete example we will consider a single scalar field φ, minimally coupled to gravity with a standard kinetic term according to the action
where g µν is the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric in a flat Universe, M P l = (8πG) −1/2 is the reduced Planck mass, R is the Ricci scalar, and V is the potential energy of the inflaton φ. The variation of the action with respect to the metric and the scalar field gives the Friedmann equation and the inflaton equation of motion
where H is the Hubble parameter, a is the scale factor, and we denote respectively the derivatives with respect to time and to scalar field with dots and ∂ φ . From now on we adopt a system of units in which M P l = 1. For the slow-roll parameters we use the following definitions
Primordial spectrum of curvature perturbations The study of primordial scalar perturbations is attained by expanding perturbatively the action with respect to the background FLRW solution [44] . In the comoving gauge the second order action for scalar perturbations is
where R c is the curvature perturbation on comoving slices. The Euler-Lagrange equations for this action give Taking the Fourier transform of the previous equation we obtain the equation of motion for the primordial curvature perturbation
where z ≡ a √ 2 , k is the comoving wave number, and primes denote derivatives with respect to conformal time dτ ≡ dt/a. As initial conditions for Eq. (7) it is common to take
where from now on we denote quantities evaluated at initial time τ i by the subscript i and
is the Bunch-Davies vacuum [45] . How many expansion histories can give the same spectrum?
As can be seen from Eq. (7) the evolution of the primordial curvature perturbation R c is entirely determined by the background quantity z /z and the initial conditions in Eqs. (8) and (9), which are in terms of z i and z i .
For a given spectrum how much freedom is left in specifying the slow roll parameters history or equivalently the expansion history? Mathematically this question corresponds to ask under what conditions we can obtain the same solution for the curvature perturbation equation, and the answer is that this is possible as long as the coefficient z /z of the equation and initial conditions are the same.
After choosing a reference function z ref we can find the family of expansion histories such that the corresponding equation of curvature perturbation has the same coefficient, i.e.
A general solution for z is where C is an arbitrary integration constant. In order for the spectrum to be the same also the initial conditions have to be the same, which implies that
This means that different models could have the same spectrum of primordial curvature perturbations as long as z is the same at all times. The interesting fact is that models with the same z can have different slow-roll parameters, or equivalently expansion, histories. This can be seen from the relation between z and the scale factor
For a given z ref the scale factor evolution is not uniquely determined. From the above relation we get in fact a second order differential equation for the scale factor
Expressing the initial conditions as
we can see that the freedom in fixing them corresponds to different slow-roll parameters histories producing exactly the same spectrum. While the initial value of the scale factor is arbitrary and does not really have any observable implication, the freedom in the choice of a i gives an infinite family of different expansion histories producing the same exact spectrum. In order to give some concrete example here we consider a single field inflationary model and calculate the background evolution solving Eqs. (2) and (3). In particular we study a featured potential [9, 32] but the results obtained in this paper are independent of the chosen potential, and are valid for an arbitrary expansion history.
We choose a potential of the type
where V 0 is the vacuum energy, m is the inflaton mass, λ is a parameter that controls the magnitude of the potential.
We first integrate the background equations to obtain z ref , and then solve the differential equation (15) to obtain different expansion histories giving the same z ref , corresponding to different a i . Once the function a is known we compute the slow-roll parameters, solve the equation for curvature perturbations, and compute the spectrum and bispectrum.
As expected the spectrum is exactly the same but the bispectrum is different, since the slow-roll parameters history is also different. In Figs. 1 -7 we show the numerical results for different expansion histories producing the same spectrum.
Degeneracy in the spectrum and bispectrum The two-point correlation function of primordial curvature perturbations is given by [7, 8] 
where τ e is the exit horizon time and the power spectrum of primordial curvature perturbations is defined as
Similarly, the three-point correlation function is given by [44, 46] R c (τ e , k 1 )R c (τ e , k 2 )R c (τ e , k 3 ) (20)
where
is the bispectrum. In this work we will study the degeneracy in the bispectrum using the quantity [9, [22] [23] [24] 32 ]
where k * is a pivot scale at which the power spectrum is evaluated and corresponds approximately to the scale of normalization of the spectrum [7, 8] . Our definition of F N L reduces to the usual f N L [47] in the equilateral limit if the spectrum is approximately scale invariant, but in general f N L and F N L are different, and for example in the squeezed limit they are not the same [9, [22] [23] [24] 32] . In Fig. 6 we plot the numerically computed spectrum P Rc obtained from a given by Eq. (15) and compare it to the one for a ref . It can be seen that even though the spectrum is the same the degeneracy can be broken at the bispectrum level. This implies that in general spectrum and bispectrum do not satisfy the consistency relation derived in [26] .
Violation of consistency conditions Some relations between the spectrum and the bispectrum have been derived [17, 26, 42, 43] under some simplifying assumptions about dependence of z on slow-roll parameters. In general this exact relation is valid at any order in slow-roll parameters
In [26] it was argued that for sudden variations of the background it can be further simplified to this form
In Fig. 8 we plot the numerically computed result of δ H , showing that the above equation is not always a good approximation. In Ref. [26] this approximation is used to reconstruct the time evolution of the slow-roll parameter η from the spectrum. The η parameter is then used to compute the relation between the spectrum and bispectrum.
If these relations were always valid models with the same spectrum should also have the same bispectrum, but as shown in Fig. 7 , this is not always true. In general there is an infinite family of of slow-roll parameter histories which do not satisfy the approximation in Eq. (25) and consequently violate the consistency relations which are derived assuming its validity.
Perturbations of de-Sitter giving the same spectrum In order to give an example which can be studied analytically let us consider a generic expansion history a 0 (τ ) and consider small perturbations δa(τ ) such that z(τ ), and consequently the spectrum, is unchanged. Perturbing to first order a(τ ) and z(τ ) we get
The condition for having the same spectrum is z(τ ) = z 0 (τ ) , or equivalently δz(τ ) = 0. If we consider a deSitter background, i.e. we assume a 0 (τ ) = − 1 Hτ , the differential equation δz(τ ) = 0 has the solution
The above is an example of a perturbative change of the de-Sitter scale factor evolution which does not induce first order changes in the power spectrum. As long as the perturbative regime is valid, i.e. δa a 0 , higher order changes in z should also be negligible and the spectrum should be approximately the same. Nevertheless the slow-roll parameters histories will be different already at first order in δa, and consequently also higher correlation functions will differ.
Conclusions We have shown that there is an infinite family of slow-roll parameters histories which can produce the same spectrum of comoving curvature perturbations. This degeneracy is related to the freedom in the choice of the initial conditions for the second order differential equation relating the coefficients of the curvature perturbation equations to the scale factor. This freedom implies that in general there is no one-to-one correspondence between the spectrum and higher order correlation functions, unless some special conditions are satisfied by the slow-roll parameters. We have given some examples of models with the same spectrum but different bispectra, showing how they can be obtained by changing the initial conditions for the expansion history of the Universe during inflation. We have also studied analytically perturbations of the de-Sitter background which produce the same spectrum but have different slow-roll parameters histories.
In general there is an infinite class of models having the same spectrum but different bispectra. This implies that the consistency relations between the spectrum and bispectrum of primordial curvature perturbations which have been derived assuming that the spectrum completely determines the full slow-roll parameters history are easily violated.
